CHAPTER III. 


CHANGE OF THE INDEPENDENT VARIABLE. 


47. It will frequently facilitate integration if we change 
the independent variable z to à new variable z by a suitable 
choice of relation connecting the two. 

Let х= F(z) be the relation chosen, and let 


[ras or [Дә 
be the integral to be transformed. 


Let == [rds 


du 
Then da 
du dud 
But == УЙ y. VP(2), ie. f[F()]F(). 


u= [у dz ог [aroro dz. 


48. Thus, to integrate ui dx, let tan^!z—z ог = = бап 2. 
х 


ree Ae 
1423 de= [ur J-tan?z 2 а #= [тте 


№ f e' dz e = an-s, 


sec?z dz 


Instead of writing z-tanz, it would be a little shorter to take 
п-15=2, and then =1. And 


1 de 
1+a* dz 
the integral = ] edz, at once 


=e = 680719, 
67 


:WWW.frcin.org.pl 


68 CHAPTER III. 
49. In the practical use of the formula 
[ло а= | reno as, 


after having made choice of the transformation = F(z), it is 
usual to make use of differentials, and instead of writing 


йа г 

ae (2), 
we shall write the same equation as 

dx= F (z) dz, н 
and the formula will thus be reproduced by replacing dæ in 
the integral | f(z) dz by F'(z) dz, and the g by F(z). (See Dif. 
Cal., Art. 156.) 


—1 
Thus, in the example above, viz. F c =, after putting tan~!z =z, we 
may write 


da 
гьа“ 


and the integral becomes ] e'dz = е*== eián-iz, 

50. When the integration is a definite one between specified 
limits, the limits for z will not in general be the same as 
those for æ. But supposing а and b to be the inferior and 
superior limits for v, those for z must be such that whilst x 
ranges once over its values from a to b, z passes once and 
once only through the corresponding range of values for z, 


viz. from F-1(a) to F-1(b), where z— F(z) is the connecting 
formula. 


51. The transformation of the indefinite integral is 
| айх | ДР) Р'(2) dz. 
Let J(2) - ү (а). 
Then, if the limits for z be а and b, 
b b 
Jr - | оа) уо). 

Now, when z—a, 2= Е-Ҷа); 
and, when z — b, z= F-1(b). 
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Also ИР - РО) 
and чеч. Smet n de 


оё е SEO) dis E DUO d 


=УР TEN VLFG'7(2))] 
-.(0) — (2). 
So that the result of integrating f[F(z)] F(z) with regard to 
z between limits F(a) and F-(b) is identical with that of 
integrating f(x) with regard to д between the limits a and b. 


52. Case of а Multiple-Valued Function. 
It must be noted that F(a) and F-!(b) may be multiple- 
valued functions of a and b. Thus, for instance, 


sin-3j being the same thing as ит + (—1)" Ș» 


where n is any integer whatever, is a multiple-valued function. 
The question will thus frequently arise as to which of а 
variety of values of Р-1(а) and F(b) it is proper to take as 
the limits in the transformed integral. 

If, however, we remember the connecting formula == F(z) 
and imagine z continuing its march in a continuous manner, 
always increasing from the value of a to the value of b, then, 
starting with any of the values of F-!(a), say a, F-4(x) is to 
change in a continuous manner from a to the first occasion on 
which it takes up the value F-!(b), ог В say, increasing along the 
whole march from a to В, if z and z increase together, i.e. if 
F'(z) be positive from х=4 to z—b, or decreasing along the 
whole march from a to В if z and 2 are such that z decreases 
as х increases, ùe. if F'(z) be negative from z—a to x=b. 
Then a and f are the limits for z which correspond to a and b 
respectively for z. 


53. For instance, let it be required to find the value of = where 
we assign the positive sign to the radical /1—2?. Ву the transformation 
=вїп 0, we have d = сов 0. And the indefinite integral is J (+1)40 


or + 6, according аз +,/1—2°= +cos Ө or — cos 6. 
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When 2-0, 0—sin-!10-r. 
When х=1, 6=вір-11 =тт+(– yt, n and m being any integers. 


In the march of z from O to 1, sin 9 passes from 0 to 1 and is always 
positive. If the radius terminating Ó lie in the first quadrant, 


а, апа E is positive. 


If the terminating radius of @ lie in the second quadrant, 


0 increases from 0 to 


9 decreases from т to 2, and i is negative. ‘ 


2 
Generally, if 0 starts from 2mz, the next occasion on which sin @ is 1 is 
at ó-2mr4; and sin @ is increasing from 0 to 1. 
If Ө start at (2m+1)7, Ó must decrease, as x increases, and therefore must 


pass from (2m + 1)7, where віп Ó is zero, to(2m+ 1)r-5, where sin Ó is 1. 
Therefore it is proper to take our limits, either 


0 to.5, sin Ө increasing, Ө increasing ; 


or T to z sin 0 increasing, Ө diminishing ; 
or Эт to = , віп increasing, Ó increasing ; 
or Зт to >, sin 0 increasing, 9 diminishing ; 


etc. 


But we have noted that +У1 – 22= + сов 6, the + sign to be taken 
if cos Ө be positive, the — sign if cos 0 be negative. Accordingly, 


la" [5] -;-» о, 


: -[-6] --§+7-§ 

I-A 

х Ten 
etc. 


54. It will perhaps make the matter clearer if a graph of the trans- 
formation formula be drawn in such cases. 
In the present case, z—sin @ referred to 0, д axes is a curve of sines 
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whose axis is the Ó-axis cutting it at О, Г, M, N...; x increases from 
О to 1 along апу of the arcs, viz., 
Oto A, Lto A, 
Mto В, NtoB, 
etc., 


< 


-1 о 1 2 E 


and the limits are as stated : 


F Н + 
along ОА [6], along LA [- 9], along ИВ [^]. , etc. 
da dz da 
dà + У dô =>. dó +*° 

55. Purpose of a Substitution. 

The purpose of a substitution is two-fold. 

(1) Given an elementary known integral to construct a 
more complex one, and thus extend one's knowledge 
of integrable forms. 

(2) Given an integral which does not fall under the list 
of fundamental forms, to reduce it to such form 
if possible. 

And it must be noted that it often happens that though 
one substitution may reduce to a simpler form, that a further 
substitution, or further substitutions, may be necessary before 
the integration can be effected. 


56. Asan illustration of the first. 
Beginning with the known result [ e. tant x, let us put 


2-y qo say. 
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Then dz- (4j - 2) à 


5-54 
whence 4 vg =tan-! (м + 2) 
5-3 я 
#(yr—1)dy_1 =( 1) 
ог T. 98-39841 4121 y t4) 
As an illustration of the second, let us try to get back from 
Ta no 34% G? — 1)dy 1)dy " 
y 317 
The presence of 3? d; combined with the fact that all remaining powers 
of y are powers of у% suggests that we should put 


y=z, and .. 4/3 ау= дг. 


1 212—1 
Then Ie Zr384174 


The fact that the denominator is a reciprocal function (i.e. coefficients 
equidistant from the ends equal) suggests a division by 22. 


1 is then written as 


el н 


(a 


The form of this suggests farther that we should now put 


Ld 


which is seen to be 


>! 


1 
stom, 
for then ( 1- 2) dz — du. 
lf du 
I now becomes 1] ize 
; micheal ieee чү D-i -( 1) 
i.e. = tan" = 2 tan (2+2 )=j tan Yta $ 


57. Choice of Substitution. 

It will be obvious that a proper choice of substitution can 
only be the result of experience. No general rules can be 
given, but the student may learn something as to the proper 
course to be taken from observation of the worked-out cases 
which follow and from the accompanying remarks. 
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Ex. 1. Evaluate Í UE de 
la 
Let z—;?; then dz — 9 dz. 
* [вв dade. f 1 созз. 9вйг= | coss ds 2 sin s=2 sin Vz. 
Мт 2 


Here it was desirable to get rid of the irrational form of the angle. 


Ex. 2. Evaluate [ аз. 
o VI+ 
Put z—tan 0 ; then ах — sec? 0 dé. 
When z—0 we have 6=0, 
» 2=1 we have 0-2; 


ў x tan 0 f 
B [ ж=з=- = [129 явав sec O tan 040 


-[«e]- = вес —sec0— =4/8-1. 


It is to be noted that when Va?+ 2? occurs in the integrand, 
z=atan or r—acotÓ or r—asinhz are likely substitutions, for they 
rationalize the radical. 

When Vx?—a? occurs, z—a sec 6, x=acosec Ө or х=а cothz, are good 
substitutions. 


dz 
Ex. 3. Evaluate I- | —À—À V. 
Б — a Ма?" — а?" 
Let z*—2"2-7!; then % а: _ LM 
2 2 


and Jan 


e m 1f dz 
па”) J1—z 

== — Ж віп-12= — A віп-1 (2). 
na^ = ga’ =. 


Note that х"=а" 271 is generally а proper substitution in cases when 
Va? + д?" occurs. 

Also, 2*=a"tan@ or a"cotÓ or a"sinhz for a? +22", 
or 2"=a"sin@ ог a"cosÓ or a"sechz for Va*—2™, 
might be used. 

When V2—a™ occurs, z"—a"secÓ ог a"cosecÓ, or z"—a"cothz, 
would be useful. 
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Ex. 4. When Зах — x) occurs, a useful trial is 


r-—a(l—cosÓ0), Фе. r—a vers Ө. 


dr, 


Thus, to evaluate I= J JE 


=asin 0 d0, ^/2ax — 2$ —a sin 0; 
I= [5m ein 920 — cos 9) a sin 0 dO 


asin Ө 
pu 
=a(6—sin 0) 


om 
=a vers! – дат — a? 


Ех. 5. When Ja—<2 or A [= occurs in the integrand the substitution 
а= а cos Ө will often be found "dgio or perhaps better, х = а cos 20. 


Evaluate Iz INE 3 rds 


Let »—2acos20; then 
dx — — 2a sin 20 dé. 
1— cos 20 


1 cos 29 8 20 40 


= - за [cos 26 
= — 2a? | (cos 20 tan 0 2 sin 0 cos 0) 40 
= — 2a? [сов 26 (1 — cos 20) d6 


- - за? | (cos 20 - 1-52849) дө 


= 203( Sin 86 20 60 sin 2) 


E E. 
a? 
= (40 - 4sin 20--sin 46) 


—_®[#сов-1®—4 i a 28 а ] 


а? 


соз-17-- (z —2a) “Та 
2 a 2 ; 


58. When an inverse function occurs in the integrand such 
as sin 2, cos-1 =, tan-! =, vers”, it is usually helpful to put 
a a a a 


z — 0 sin Ө, а, cos 0, a tan Ө, or avers 0, as the case may be, and 
work with the direct functions. 
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Many other forms of substitution will occur in due course, 
but what has been said will suffice for present purposes. 


EXAMPLES. 
: bU 
l Evaluate (i) JEt Put 239-2, 


P тей, 3 
ur Put 2+2=2. 
ах йл dz 
XEM a ry Putz-1-22; г. ——=—, etc. 
Gn ат vnde TR , Р 2—1 "i 
(iv) [= er Put =z. 
2 
б) farsi кте 


(vi) f барг вес бг, (уй) Í T 
2. Evaluate (i) Í, „а? – а2 ах. Put х=азш 0. 


(ii) ji pg- dx. Put х=а(1-соз б). 
Draw graphs to illustrate these two integrations. 
3. Find the values of 
O Гамата. w) анаа. 
Interpret the meaning of these integrations. 


2—b)dx b 
4. Inte — (as —b)ds Put art =e 
ntegrate f- T NUT by siu Зы 


am dz Put z—a tan 6. 


5. Integrate (arat [Sr. Joun’s, 1883.] 


6. Integrate J sect Ө cosect 0 dð. Put tan 9=2. [Sr. JouHN’s, 1883. ] 


7. Integrate I Jat TAS 242. Put tan x =z. 
8. Integrate 
ү Сы CO Те Meri 
9. Integrate 
à) fG- М) за». @) (Рр 
(iii) ] ae rs aa? 4-b)" da. (iv) f cupi 


(v) Í . дады da. (vi) ] ет сав. (vii) ] sin x cos а dæ 


14272 а? соз? 2 + b? sin? z^ 


(Trinity, 1883.] 
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10. Integrate 
| 2 "HEOLORIOLO 
@ (toV eyed vods ii) [PE ae. 
(iii) f I бр 5° (iv) f 0202) da. 


Ф 00) -He (ж) log da) 
(v) ] e - Y) A dz. 


11. Show that 
fi-a 24 dema? (sinh 2u — 2 sinh м) 


u 
where 44a cosh? 3 [Ox. I. Ров., 1899.] 


59. THE HYPERBOLIC FUNCTIONS. 

To avoid complexity of form in many integrations and to 
secure symmetry in the results of integrations of expressions 
of similar algebraic form, it is customary to make full use of the 
hyperbolic functions and their inverses. (Diff. Cale., Art. 23.) 

By analogy with the exponential values of the sine, cosine, 
tangent, etc., the exponential functions 

Smee RET men 
2^7 3^ epe Oe 
are respectively written 
sinhz, coshz, tanh zg, etc., 


or sometimes more shortly as sha, chg, tha, etc. 
By further analogy with the inverse circular functions, 


if w=sinhz or coshz or tanhz, etc., 
we write the inverse hyperbolic functions 
z-—sinh-w or cosh-« or tanh-tu, etc., respectively, 
or sometimes as sh-z, ch-!z, th-!z. 


This notation is now commonly adopted by modern writers. 
Professor Sir George Greenhill (Chapter on the Integral 
Calculus, 1888) indicates it as being common amongst 
American writers, and as being frequently employed by 
writers on Applied Mathematics. The earlier notation used by 
Bertrand, viz. 


sect sin hypg, sectcoshypz, secttan hyp zx, ete., 
is far too cumbrous for free use. 
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The properties of these functions are now usually discussed 
at some length in books on Trigonometry [see Dr. Hobson's 
Trigonometry, pages 303-316]. It is therefore unnecessary to 
repeat them here fully. But for the convenience of students 
who have not already sufficient familiarity with their use, we 
reproduce those of the elementary properties which we shall 
require for the immediate purpose in hand. 


60. Elementary Properties. 
We clearly have 


cosh? z — sinh? z= e Tet - (= an E Í, 


analogous to cos? 0-- sin? 0—1; 
я e+e? fer— eco 
2 ° ) 
cosh? 7+ sinh? z= 9 +( E ) 


E e» + ex 
ү 2 
analogous to cos? 0 — sin* 0 — cos 20; 


= cosh 22, 


whence 2 cosh? z = 1 + cosh 22, 
analogous to 2 сов? 0 = 1 +- cos 20; 


2 sinh? z— cosh 2z — 1, 
analogous to 2 sin? 0 — 1 —cos 20; 


sech? z+ tanh? x = (сз) + (4-5) - 1, 


analogous to sec? 0 — tan*0—1; 


| @#—е* sinha _ sing | 
tanh t= S cosha’ analogous to tan TL 
e+e coshz _ eos8 
coth vim ur e Г. analogous to cot oir mm Ө” 
epa 
~ tanh a’ 
etc. 


It is unnecessary to point out methods of proof or analogies 
further, and the following results may be proved by the 
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student ag exercises, and will form a convenient list for 
reference: 


sinh (z4- y) —sinh z cosh y 4- cosh z sinh y, 

sinh (ж— y) — sinh z cosh y — cosh g sinh y, 

cosh (z 4- y) = cosh g cosh у- sinh v sinh y, 

cosh (z — y) = cosh 2 cosh у — sinh z sinh y, 
sinh 2z— 2 sinh g cosh 2, 


cosh 2z = cosh?z 4- sinh? z. 


=2cosh?z—1 
—1-r2sinh?z, 
2 tanh x 
tanh lenr ra 
sinh z-- sinh y=2sinh EY cosh nS 
eic, ' 

a? at 
cosh z= АЙГЕРА “©, 
у 2 a5 
— áo 

2 æ 

=з... 
tanhz¢= ®#+=+Е+.. 


61. It should be remarked that such expressions as sin 6, 
cos Ө, etc., where Ө is complex, 4e. of the form w+.v, do not 
come under the heading of the sines and cosines defined 
geometrically in the early parts of trigonometry. They 
are re-defined now by the exponential values 

„и 
sin 6, standing for => = 
etc., for any value of Ө real or complex. 


e: + ac 
9 ` 


-18 
; cos 6, standing for 


Then writing 0 =x, where TN m т. 
sin iz — sinh g, 
cos (2: = сов) z, 
tan 12 = tanh 2, 
cot ,z — —( coth 2, 
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Also the ordinary formulae of trigonometry can be proved 
from these definitions, viz., we have 
cos? ++ sin? 0 — 1, 
cos? 0 — sin?0 = cos 20, 
sin (0+ ф) = sin Ө cos ¢-+cos Ө sin ф, 
etc., 


and the restriction of the reality of 0 and.¢ is removed. 
Then, having proved the addition formulae for the sines 
апа cosines from these definitions, we have 


sin (u +v) = sin ш cos w+ cos 4, sin w 
= gin u cosh v+ cos w sinh v, 
etc. 


62. Inverse Hyperbolic Functions. 


We are, in the Integral Calculus, more particularly interested 
in the inverse forms. 
Let us search for the meaning of the inverse function 


я x 
sinh-1- 
a 


TELAM 
Put sinh zy. 
41. ey — eV 
Then z- sinh y — 9—5 


* 220—9 наї pen = 0), 
а 


and remembering that e+", where A is an integer, 
= сов 2Ат + sin 2) = 1, 


we may, to retain generality, write this as 


еу - Ат — stivet 
= а › 
ог у= haeo На, 
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«oma? +a? а 
Now 20r +105 - Cl os =@Ат —log 2— Ja 
2+ A a? +2? 
=2Amr— log (—1)—log puI 
= 2X —1)ir— аа гаша хе, 
for log ( —1) log e(@ +0" = maed Ў 
т and А” being integers. 
[22 
Thus, . у=шт+(—1/1ор tA, 
where д is an integer. 
ке +27 


The “principal value” of y is then log ————— ——, and it 


is usual to take this as synonymous with sinh- - omitting 
the generality obtained by the addition of unreal constants. 
63. Similarly putting 


совћ-1 2 2" 
zo "TL hs a ДЫ 
<= соз у= Ru 


E 


2y — Фф = 
e 258 1 0 


хж-+/2#—а# 
@ е ? 


and e = 


and omitting as before the generality derived from the unreal 
constants, we shall take the solution 


viz. the “principal value” of y with the positive sign 
as cosh-! =, and therefore cosh-17 is to be understood as 


synonymous with 
+ /#%— a 


log т 
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64. Again, putting tanh-? "= Y, 


z еу — eY 
=> tanh y вез’ 
a+r 
and therefore e?! ———, 
а—х 


and omitting generalities as before, 
a.i ae; 
р "s asr 


65. Similarly, coth-1= --- 5 lo og zta о 
аа — а? 
д > 


aca rx 
x 


sech^! = —log 


cosech-! = =log 


66. We shall therefore consider 


sinh? as meaning jog Уе, 
cosh-1= as meaning log? Lam d 
tanh-= as meaning Slog are 
coth-1 - as meaning 5 log= =" 
sech-17 as meaning log Dr 
cosech^! F as meaning log ETUR TA 


67. Periodicity of the Hyperbolic Functions. 

These hyperbolic functions are periodic. But the periodi- 
city is imaginary. 

For, since e+" —cosAm-z:sinAz-(—1), (А = ап integer), 
erem -|- gr) 


we have | cosh(z--Acr)-— ә =(—1)cosha. 
Similarly, sinh (7+ Лет) =(—1)sinh 2, 
whence tanh (2+ Лт) —tanh 2. 
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Thus, the periodicity of sinh = and cosh 218 2m, 
that of tanh х and coth z is m. 


—@-0 0 1. e-9 
: ax 0, cosh 0 =~ te =, tanh 0 = 0, etc., 


ет — gc 
2 
cosh гт =cos т = — 1, 
ete. 
Again, созһ-Щ — 2) =105(—24+ 4/22 — 1) 
=log (2— 4/22 —1)-4-log(— 1) 


=; 810 т = 0), 


sinh гт = 


=bg ter 

= —log (244/22—1) -- vr 

= —eosh-z + v, 
sinh- — 2) 2log (—z+/z?+1) 


1 
TEZEJA 
= —log (z4- 2? +1) 
= —sinh-1z, 
=e lw Ts 
1+2 2 

= —tanh-!z, 
etc., 

analogous to the properties of the circular functions, 


tanh-!( — 2) == zlog 


cos-l(—2)- —cosz+7, вїп-(—2)= —sin-!z, 
бап — 2) = —tan-!z, 
etc. 

68. Geometrical Interpretation. 

Let a rectangular hyperbola 2?—y?=a? and its auxiliary 
circle be drawn; then any point on the hyperbola may be 
represented by either of the parameters 0 or u by putting 

х=а sec е) = а cosh se 


y=atan 0, y = а sinh u. 
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Hence Ө and u are connected by the equations 
sec Ө = cosh ш 
ог tan 0 = sinh v. 
Let P be the point Ө (or u) on the hyperbolic are АР; 
PN the ordinate, NT the tangent from М to the auxiliary circle. 


Fig. 14. 


Then obviously the abscissa 
ON —z-—OTsec NOT = а sec NOT. 
Hence, the angle NOT is the parameter Ө. 
Also, since ON? — NT?—a?, it follows that NT —y, as is 
obvious, since у =a tan 0, аз also NT —a tan Ө. 
The area of the portion МАР of the hyperbola 


=f ydz |" asinh u.asinh u du, 
a 0 
=a f" sinh? y dw 

0 


а? ч 
-© | (cosh 24, — 1) dw 
0 


_ а? sinh 2% _ о 
= cir oa ӨЛҮ" 


2 2 


Also, area of triangle ОМР=$ху 
1 i a? sinh 2u 
= 5а cosh 2 .а sinh u= ———4——. 
Hence the area of the hyperbolic sector ОАР 
= AONP —area ANP 
2 


2 
= 4" analogous to 6 for the cireular sector 
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' This indicates the meaning of u, viz. 


"e area of hyperbolic sector CAP 

MINE AUDIRE. MIENNE 
Tt is this connection with the hyperbola from which these 
transcendental functions are termed hyperbolic functions. 
For other properties in connection with this figure, see 
Greenhill’s Chapter on the Integral Calculus, р. 27, or 
Hobson's Trigonometry, p. 309, and an “Essai sur les Eonct. 
Hyperboliques,” Mem. d. 1. Soc. des Sciences Phys., Bordeaux, 

1875, cited by Greenhill. 


Since cosh u = sec Ө 
and .. sinh ш —tan Ө, 
we have tanh w= tanp = gin Ө. 
вес Ө 


coth u = cosec Ө, 
ete., 
which express functions of w in terms of 0. Again, expressing 
0 in terms of u, we obviously have 


sin 0 — tanh и, 
eos Ө == sech u, 
tan 0 — sinh ш, 


cot 0 = cosech u, etc. 


69. The Gudermannian. 

The angle Ө, Which may therefore be variously expressed as 
sin-!(tanh ш), cos-i(sech u), tan-1(sinh u), cot-!(cosech w), 
sec-l(cosh ш), or cosec-!(coth и), is called by Cayley the 
* Gudermannian" of u* (Elliptic Functions, p. 56), and. 
denoted by him by the convenient notation 

0—gd u, 
or inversely ъ= gd-1 0. 
Then sin Ө, cos Ө, tan Ө he denotes by sg u, eg u, tg u. 


Again, log tan (= + А = log (sec 0+ tan 0) 
= log (cosh u+sinh ш) —log e*=w. 


*So named from Gudermann, who specially discussed this function 
(Cayley, p. 44). 
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Hence, gd w is such that 
log tan ("+ giu) =U, 


or log tan (= +9) = 00-10, which is the same thing. 


Differentiating log tan (= + 4 or log (sec @+tan 0), we get 


sec Ө as the differential coefficient. Hence, 
т, 6 а 
[ sec Ө 40 —log tan (К+) = 24-10, 


and |зес 0 40 is a degenerate form of the more general integral 


[х= where k=1, which is to be discussed later. 
1-2 sin? Ө 
70. Tables of the values of w=logtan (2-9) п.е. the 


inverse Gudermannian of 6, are given by Legendre, Théorie des 
Fonctions Elliptiques, vol. ii., to 12 places of decimals for angles 
in the first quadrant. They will be found to seven places at 
degree intervals in Hobson's Trigonometry, p. 316, and to five 
places at degree intervals in Greenhill’s Elliptic Functions, 
p. 16, whence it is easy to extract the values of w correspond- 
ing to any angle 0, or the value of Ө corresponding to any 
given value of w, and hence from the relations cosh u = sec б, 
sinh w= tan 6, etc., we can find the values of the hyperbolic func- 
tions cosh u, sinh u, ete., for any values of ш by the use of 
the intermediary angle 0 by means of the ordinary tables of 
secants, tangents, etc. In the absence of direct tables of the 
hyperbolic functions this will be the proper mode of com- 
putation to follow in numerical calculations. See Lodge's 
Heport to Brit. Assoc. 1888, and remarks by Greenhill on 
р. 15, Elliptic Functions.* 


71. Unless extremely close approximations are required it 
will be sufficient to take the values of log tan (145) from 


* The Smithsonian Institute of the City of Washington publishes a set of 
Mathematical Tables of the Hyperbolic Functions, by G. F. Becker and C. E. 
van Orstand. 

The Harvard University Press publishes Tables of Complex Hyperbolic and 
Circular Functions, by A. E. Kennelly. 
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the following graph, which indicates the march of the func- 
tion from @=0 to 0=90°. There is not much deviation 
from a straight line from 0=0 to 0 — 45°, but beyond that the 
function begins to increase more rapidly, passing from 47413 
at 89° to o at 90°. For the first part of the graph, obviously 
the ordinary rule of proportional parts will give a fair approxi- 


киы Б ЧЫГ 
Кышы Та ЖЕ 
АЕ ЕЕ ЕШ ЖИНЕШЕ НЕЕ 
ке А г А 
клан т SEGUE 
саа аа а Еа ваа 
W'USEERNEBHBHENSEEC 
43 CUHUCSOEZSBMSESNES 
кшн Ке ч BERE 
ош | [N | =] |: 


x 
9, 
© ^o *o °0 °O IM *o °0 °Ө °0 *o 00 °O °M °O ^) О °шу *o 
EKIFEEEREREEEEEREERL 
Fig. 15. 


Graph of y=log,tan rat —gd-16, the abscissae being the sexagesimal 
P Be 4*2]-8 5 g 


measures of 6, showing the march of the inverse Gudermannian function. ] 


mation. Within the last 10° or so of 90° it is desirable to 
adopt the special mode of approximation shown in Greenhill, 
loc. cit. The ordinates are given to four places of decimals at 
5° intervals, which will be sufficient for the purposes of 
approximation in this book. The numerical data for the 
graph were taken from Hobson’s Trigonometry. | 

This graph is that of 

y=gd-12, 

the inverse Gudermannian, and equally serves to illustrate the 
graph of a=gdy, 
i.e. the march of the direct Gudermannian. 


CHANGE OF THE INDEPENDENT VARIABLE. 87 


72. Let us illustrate the use of the graph—or the values tabulated in 
Fig. 15. 
If, for instance, we require the value of sinh 1 from the tables (which 


1.471 
should of course be © 5" , and therefore we can check it). 
u lies between :8814 and 1:0107, 
Be. tan“ sinh :8814—45^, By proportional parts, 
бап! sinh 1:0107=50°, 6—45' 71186 
tan“! sinh 1:0000 = 0. 5° 1293’ 


Ө=4° 35/-- 45" = 49° 38’, 
2. sinh 1—tan 49° 35' 2 11744, from the tables of natural tangents. 


'To check this, 
=e! 
VEU us . 2771183—:3679  2:3504 11758, 


which shows an error of about :0008. 


73. There is also a useful table giving the values of various powers of e, 
viz. е®1‚ +9, в+3,... &t10; ek edi ett, ei; ett, eth eth, eth; 
ett, ett, ett, ett, ett, ett, eth, ett, ett, 
in Bottomley’s tables, p. 56, which will be convenient in some cases. 
Eg. (extracting the values from these tables) 
ел-„е—1 110524-0'0048 2:0100 
2 2 2 
If great accuracy be required it will be necessary to use the 7, or 


perhaps, in cases, the 12-figure tables, but such extreme accuracy would 
but seldom be required in practice. 


cosh ‘l = = 1:0050. 


EXAMPLES. 
Establish the following results : 
ДЕ [ ess dz sinn a. 9. [sin eds сов 2. 
3. |: sech?x dz —tanh x. 4. f cosech?z dx= — coth 2. 


5. } dd dz= ] sech z tanh x dz = — sech л. 


6. | s my dx= f cosech x coth ж dæ = — cosech x. 
311525 
Я. св de ва. 8. [4n ө. (ote 
Sg wu -4- sg v cg u cg v 


10. (а) sg(wtv)m y T repe O) etor agu age” 
[=] 


2sgu EN x. 
(c) чаттын. (d) eg 2u— F agiw’ 
sgu 
(e) tg жез, E 
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74. Integrals of соѕес 2 and вес. 


Let tan Z 975 then, taking the logarithmic differential, 


t dz . 4х dz 
зес? 5 do = —, 4e -——=—. 
x 2 2 sing 2 
2 tan = 
2 
| [dz (42 _ 
Thus [eosee о d= | -= -z =082=108 tan 5. 
In this result put 2=5 +y; then dz dy. a 
And быз Фу =log tan (1+1). 
That is, [sec z dz or { =log tan ( 2t +5)= gd-!z, 
as we have seen before. 
75. From this result we may infer the integral of 
| dz 
a cos z-4- b sin 5 
For а cos z-4- b sin x= К sin (2+а), 
where А —4/a?-- b? and tan а= 7 j 
au ER o E : PES a 
{5 cosz--bsinz RJsin(x+a) 
lf 4(2-+а) 
sin (2+а) 
Ер ta 
Te tan 9 
76. The integrals of cosech æ and sech æ give no trouble. 
dz | 
| cosech а | 2| = р. 
1 1 
= (72) a 
Ina 1 otet 
-log 274 log 5 
её +е % 
= Іор tanhz, 
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dx e de* 
ев ав | e rn | ry 
1—е 


=2tan-te* or -—cos^! 
=cos—!(— tanh v) 


= — cos !(tanh 2) + const. 


1+e* 


= —sin—1(sech x)+ const. 


1 1 
CPP ^ NN 
Ja? + a? "n Ja? — a 
z --/a?-4- a? is 1 
a +a? 


77. Integrals of 


The differential coefficient of log, 


da t+Ja+a?_. 
Thus, | =з =log у: itin sinh 


p] 
Similarly, | 7 e ^ log ч ама а у % =cosh-} z, 
gi— 


In the inverse hyperbolic forms which it is now possible to 
use, these results resemble that for the integral 


|= viz. =віп-12 
Маа — а 
апа the analogy is an aid to the memory. 

The student will note the avoidance of complexity and the 
gain of symmetry referred to in Art. 59 as the result of using 
these forms. 

We might apre established these results thus : 


To find | Jee? put == а віп u; then 
dz=acoshudu and J/z?+a?=acosh u. 


Hence, Lu > =| ди=и= —sinh-i7 
Similarly, putting z—acosh ш we have 


| da - [вий 
„а2—а J asinhu 


=| du=u=cosh-= 
a 
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78. Integrals of /Q? —2?, Ja? 4- а, Ма? — a?. 


I. To find [Маа put z—asin 0; then 
dz — a cos 040; 


nS а? ах= X vp $ | 1+сов®б) de 


=“ sin 20-7 9 


2 
= asin Ө.асовӨ+® 0 
or [vacas doct o а? 


z 
+—sin-1-. 
2 a 


II. To find IR dz, put == а sinh z; then 
| da = а cosh z dz. 


Then, since 1 +- sinh? z = cosh?z, we have 


бы ARE 2 
[vere daz = а? [ cosh? 2 da=% | (cosh 22-- 1) dz 


2 2 2 
= sinh 22+" =} a sinh z .a cosh 2+ чу, 


4.e. decre 29S te i2. E — sin nh-1= 


tA a*--2* а? z-4-Ja*--2? 
gr Ergo esi aroma 


and in the latter form, if the integral be indefinite, we may 
drop out the a in the denominator of the logarithm, as this will 
only add a constant to the whole. 


III. To find [/ х?—а? 4х, put z—a cosh 2; then 
dz = а sinh z dz. 
Then, since cosh?z —1 = sinh? 2, 
HELIUM, 2 
| ee dx — a? [sine dz | (cosh 22—1) dz 


а? @®г а] а? 2 
= sinh 22—27 — 5 a sinh 2. a cosh 2—77, 
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х./а2—а2 а? 


i.e. Мева -F eosh-t = 


23/22 —а? а? дура? 
Wi apaa qu С ЧУ 
and the а in the denominator may be omitted, as before, if the 
integral be indefinite. 

[This last integral has already appeared in Art. 68 in 
finding the area of a portion of space bounded by a rect- 
angular hyperbola, an ordinate and the z-axis]. 


or 


79. From Art. 78 we may deduce the integration of sec? 2. 
For, putting tanz=t, sec?xdx=dt, we have 


[ас | 1 +t? dt= AAs La кеч sinh-1£ 
ке 


ог +} log (t+V/1+#), 


1.е. [se zdz- 2 tan x sec khe log (sec x+ tan 2) 


1 1+sin 2 
or = = tan mood cor oop 
sin 2 
т ~ 2 cos? x +5 5log gtan (1+5). 
Just in the same way, putting соьз = с, cosec?z dz — —de, 
we have 


ana 1+6 1 
Jcosecta dz= -|vi + сас= E Ri —5 log (c 4- 41 +c?) 
= — б cot 2: cosec 2—5 log (cosee «+ cot 2) 


leosz 1 1+cosz 


23112% 4 1—ecosz 


leosz 1 
~~ 9sin?z +5105 tans. 


80. We may now deduce from Art. 77 the integration of 


da 
TR 
where È is a quadratic function of g, viz. 
R=a2x?+ 2ba-+e. 
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Case I. a Positive. 
When a is positive we may write this integral as 


TET da: 
va н, 214-29 wt 
a а 
which we may arrange as 
E parvis: рок pé ө Калыш unito 
Ja by b?—ae Ja KK Б\? ас—Ь% 
(ео) - а (2+3) +5 
aecording as b? is greater or less than ае, and the real form 
of the integral is therefore (Art. 77) 


1 ax+b 1 aa+b 
— hei Һ-1 d] 
Ta cos Joz — or hn pom c 


according as b? is > or < ac. 
In either case the integral may be written in the logarithmic 
к 


Jz log (ax +b+Vavax?+ 2ba 4- c), i.e. Jz log (а®-+-5+ JaR), 


the constant лов Vb? ~ ac being omitted. 


Also, since cosh-1z = sinh-1/22— 1 
and sinh~*z = cosh-1/2?+-1, 
1 23. eb "1. a VaR * 
у: —=cosh Nec тон JB-Z (b*7ac) 
and —=sinh-! ant zw sh-! VaR 


b2 
J lac — b? BRYS PUTENT С ( <ac), 
which forms may therefore be taken when a is positive and 
b?> or < ac respectively. 
81. Case II. а Negative. 


Edi ү the integral | DIS a be negative, write 


Then our integral may be written 


ar 
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= id | dz 
JA Ас b? by? 
di-- (274 ) 
or ЙИ ТЕН E. ac bi PME 8. А los Жыш 
VA Fae Tbs Oe eek b*—ac 
or, omitting a constant, 


x a aet 
gU. соз IE 
Also, since cos-! z = sin! ,/1 — 22 we NEN 
аз} _ 
A/b* — ac J/ bà — ac 
82. To sum up then; it appears that when R=aa?+2be+ce 
we have the results : 


=. [= por om cos-!z — е) 


соз-1 


V goes sini an , @ negative, 
—a —ac 
2 
de _ Е ancha vak b = ао, 
VR > /Ъ#— ас |a positive, 
a VaR 
pi Ja Т Jac 12 b? — ac, 


and the real form is to be chosen in each case. 
dz 
83. Ex. I. Integrate Узата 
4х +3 
W ite thi Же. Шын. ht 
e may wri 18 Na Jetpa Ve sin "93 ) 


or it may be written Us cosh^ PEEN ETET 
y A/2 N23 


1 К 
ог Ми Ode d. vdd divas 


rejecting ће constant—- 5 -log —= a _ 


E „ 9. I te te aw. EN 
Т a B УЧ: 928 
This may be written —— dz 
я ; R eP 
and therefore is gi oS, 


- which may be written as 


22 
a7 4 +32 — 927, 
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84. In exactly the same way, | Уаз? 2х --c dz, when « із 


positive or when a is negative, can be deduced from the results 
of Art. 78. 
It appears then that the general rule in all cases of 


daz 
IE or I: dz, 
where R is quadratic, will be, * Divide out the coefficient of 22 
and then complete the square, and then make use of the suitable 
standard form." 
85. Functions of the form Ad 

A aa? + 2ba; 4- c 
by first putting .Az-- B into the form A(az-Fb)-- и, which may 
be done either by inspection or by equating the coefficients, 
and we obtain 


may be integrated 


As+B=4(az+b)+ (B—4 
Ах+В A ax+b,aB—Ab 1 


JE n8. JR a4 JR 


The integral of the first fraction is 4 JR, and that of the 
second has been discussed in Arts. 80, 81. 
More general forms, such as 
ded r1. NO Ad loss 
Маа? + 2bz 4- c $(2) Jas? + 2bz +e 
where f and ¢ are rational integral algebraic polynomials in 2, 
are to be discussed later. 


Thus, 


86. Before leaving the integration of (5 the student . 


should observe other forms into which the results mày be 
thrown. 


For some purposes a ‘double angle’ result is preferable to that given, e.g. 


e 
4 2 2 


But we may throw this into the form 2sin^!z by making 2=2 апа 
using 2sin~!'z=cos—(1 — 222), 
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Then [5 =2sin 1 2 9 совт! № 4-329 tan) sa 
V2(a—2) a a а-—х 


ү цасы UOTE al 
Е Инет 


-—9sin А $=2 сов * аи bs 
a—zcz 


(a2). 

ах aee fa—b_ У 0 ee _ P. [x -b 

(3) laa ™ 1 ap 008 22-2 1 D s 
(а> xb) 

ера 99+ @-6 

—eosh^! ren c 


da 
a) [recen [ery гед 
3 2 


the ordinary form ; but writing this =2sinh™!z, Ze. cosh™(22*+1), 


a 4 (tote 1) 24%, 


SS 2+0 асова tanh-tA/ 9 a+b 
М(2+а)(= +0) a—b a—b х+а 
if a > b, 


or 2sinh-tA 4.2 сог [+В ауа, ifa < b, 
— а — 0% 


and so for other cases. 


87. Of such the following forms are particularly useful: 


| 2 sin? E 


Gainer. 2 sinh-! 2 and the others can be derived from 
Va(a+a) | a these forms as shown above. 


|o = 2 сов! | а 


88. It will be noticed also іп many cases, аз, for instance, in 
the integral of Art. 81, viz. 


GE M. V vu seti 
ehm ЕБ 81-1 ЕВЫ жолай R= аа? 2Qba+e , 
аон уг ( 3 
that the ./R of the integrand reappears in the integral It 
g pP gr 


did not do so when the result was arrived at as 


Я sibus аз b 
Ја ас’ 
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but was made to do so by the subsequent transformation 
cos-!z—sin-l/1—2? Examine the earlier integral (Art. 44) 


| de iven as sin! 2 
Мая 8 a 
This could be written | ———— B= cos- CI, 
75 
i.e. 5. сов-1 8 (Е = а? —а?)., 
a 
da TE SET A 
So also Jera h a 
could be written as | A = cosh YEH, 
4.e. [7 MA = cosh- R (E 2? -- a?). 
a 
Similarly OE. x cosh-1* —ginh-1 9^ —0 
> —a* a a 
i da САС пир |... 
could be written as i Mine: — (R2 2*— а?). 


And though these forms are obviously not the simplest forms 
of the various integrals, it is frequently desirable to adopt 
them, as they exhibit a visible relation between the integrand 
and the result of integration. The simplest forms are those 
tabulated to be remembered in the two lists of standard forms, 
Arts 44 and 89. 


89. We are now in a position to make our list of 
ADDITIONAL STANDARD Fonws. 


kh [ cosh а dz-sinhz and | sinh z de =cosh a. 
9. | sech?ada=tanhz and | cosech? ж da = — coth a. 


9. | a de -| sech 2 tanh æ dæ = — sech c. 


4. [ cost. dæ= | cosech « eoth айт = —cosech z. 
J sinh? x 
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паа 
- id enc —sinh-1*9.* 
Ja vs a a 


da æ+ a 3 
6 MPs -—cosh-1- 
Len 2 
7 [Jg cz an 45 р 
8. | ИСИ inh-17. 


СМх(а—х) a 
TE De 2 sinh)”, 
Уа(а+2) а 
ах ya 
д. = h^! 
; =... /х(ж—а@) ewe а 


13. f coseo TAR = log tan $ 


14. [seeds "erac (e пиво 
ана ала 

15. | AÁ- ise. 

16. [zs — 1 cosech -12. 

17. [aae a)= g log zo = — i eoth 5. 

18. 02 (a « a) d. log 91 anni. 


It is customary to obtain 17 and 18 when wanted, rather 
than to commit them to memory. They will be discussed 
later (Art. 127). 

* See also Art. 1890, Vol. П, 
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EXAMPLES. 
Write down the integrals of 
lo. gru ar p igo 16-929, 33-5, VIF 
I DE ds E aai 1 
МК i 2)’ Jata) Мата’ Jz? 2242 
М, АЙ. О Tes IDE UE aer ds 
' VI-a? /4-9 9-4 ЛЬ 7+1 

az +6 


4. za? +а?, (+b) 23 +4, Jar 


5. (2 +а3)?, (za) (a? + 2az-- D)*, (az — b) (ай — 9b + o). 


22-.-9z--3 2242743 2242743 a? +ах+ь 
Jl-z2 „+1 Маі д/а? ++ 
7. Ма + 4+5, J| – а +4045, V42 + Az D, J — Aa? + 4n 4-5. 


8. фасе Rete, ag [4+2, (к+а) n (+a)? 


2-а a-z Ма (z - ay 
1 l +tan? z 
9. cosec NZ,  cosec (2x + b), Uu ерау аит) Tiu рн 
$ (cotz + tan 2). 
1 1 asinz--bcosz 


` asinz-bcosz! віп 22 + соз 25° csinz+dcosx 


11. Deduce [ овес z dz —log tan 5 by expressing cosec х as 


1 x x 


12. Deduce [see a dz = log tan ы + 5) by 
(i) putting sin z — 2, 
(ii) putting seca+tanz=z. 
Show that | sec x dx = cosh"? (вес 2). 


cos 040 


T9, I te te m LI 
ya sin 04/1 — sin?” Ө 
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GENERAL EXAMPLES. 


1. If APB be a semicircle, centre О, and PN an ordinate to the 
diameter 4B, and P'N' a contiguous ordinate, show that 


окуу = circular measure of the angle OPN, 


the summation being from the centre to any point N between О 
and B, and NN’ being indefinitely diminished. 


3. Find the area in the first quadrant bounded by the axes of co- 
4 


ordinates, the ordinate z = х; and the curve 22 = a? — ж 


If the range z—0 to «=a оп the z-axis be divided into n equal 
portions of length 4 and rectangles be inscribed in the Newtonian 
manner, examine the limit of the area of the last of these rectangles 
when h is indefinitely diminished. Find the whole area from «=0 
to =a. 


3. Find the value of | \/е?® + aet dx [R. P.] 
) da 
4. Evaluate (i) | AB x [L С. S., 1884.] 


Gi) 8 (Put z=) 


[Охғовр SEcowp Ровілс Ex., 1880.] 


(ii Lr (l+a)dx — 


22? + 9z + mere [Сотлваез В, 1891.] 
(iv) lg zda 
(22 + 2z — = ГТклмттү, 1892.] 
) оен 3z 4-4 
(v (x? + 2z + id [Матн. TRIP., 1887.] 
dz 
5. Show that the result of integrating jas may be ex- 
hibited as ae 
Ja4z-Aa-z sy отл М ЕҤ? 
-1 imn. ODE DIE р т иода Аа a Дл 
(i) 2 cos 3 Ja (ii) 2 Ja 
ja PENES! 
Or as (iii) 2 tan“ "i where А = ^/а? — 22. 
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p — 


6. If Zzaz?4 2bz-c and K= ‚ show that 


ded R 
ee He M 
Ire NEE 


or = iion tan^! NI 
4-8 SA gy 


according as a is positive or negative. 


7. Evaluate (i) Ibm К оку" (Put z? = tan б.) [Oxr. 1. “1888. 


(Put д = sec б.) 
[Oxr. I., 1888.] 


us da 
(0 | x JST 


1 
Á Rho Moo o bris Doni i 
o (1+2) 1-2) 2У2 талат, 1888.] 


ш) IE; +2? "1 323 М eat [Твімітү, 1882.] 


9. Integrate [Virer 


10. A sphere of given radius a consists of an infinite number of 
concentrie shells of very small thickness, the density at the surface 
of any shell varying as the n™ power of its radius. Find the mass 
of the sphere. [Ox. I. Pus., 1903.] 

If any diameter 4 B cut; one of the shells at P and the density of the 
shell varies inversely as (i) OPA/ AP. PB, (ii) OP2./ AP. PB, find the 
mass of the sphere in each case, О being the centre. 


11. A triangle А BC is divided into strips by lines parallel to ВО; 
a point is taken in each strip, and the square of the perpendicular 
from this point to BC is multiplied by the area of the strip; the same 
is done with all the strips, and the sum of the products is formed. 
Express by a definite integral the limiting value of this sum when 
the breadths of all the strips are diminished indefinitely, and 
evaluate the integral in terms of the base BC and the distance of 4 
therefrom. [Ox. I. Ров., 1901.] 


12. Prove that if v?—2?--2pz--q, an integral of the form 
| fla ч) da 
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can always be rationalized (provided f is a rational algebraic func- 
tion) by one of the substitutions 


uo —9y "m и de 1-5 
Jp? wg hil – Ма = р? — р? IE - у? [Сотль, а, 1890.] 
13. Find the relation connecting z and y, being given 
ау? 
Sy C) Spiel j^ [I. C. S., 1889.] 
3 
зї 16038 
№ Show tad hs а - 3) dz = 16088, TUM 
15. Integrate 
| sin 040 eos 040 
(i) js I YT @ i) «oer + 9bsinÓ +e 
i 10 
(i) |н 
cos 9^/а cbs? 6 + 2b sin 0 cos 9 + c sin? 0 
; ; a | 
e) [к 0-/a сов? + 2b sin 0 cos 0 + c sin26" 
(v) | 49 
sin 0./a cos?0 +b sin? 0 +c [TRIN., 1888.] 


16. Integrate 
x? dx 
(i) er ; E dz, (ii) UTR [d 3439 ETR., 1888.] 


l7. (a) Evaluate f (22 — 6x + 13) dz, first directly, second by 
1 
putting 22 — 6z -13— y. (Draw a graph and explain fully.) - 


2b 
(b) Evaluate |. (aa? — 26 + c) dz, 
0 


and explain by a graph the result when 26? = Зас. 
Obtain the same result by substituting 


az*—2be+c=y, taking 0 —ac. 


3b 


Also obtain k (aa? — 2bx + с) аз by this substitution, explaining 
0 
your limits for y by means of the graph. 


18. Point out the fallacy in the following argument: 


I АТИ tt 
-1 = ls wd an =. 
Po [tan г), d a er 
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hag si dy When z= – 1, y= - 1. 
But puteo тя When z= 1, y= 1. 


de "dy Td 
211 +O sil Ty -l +2?’ 


for, as the result is numerical, the letter used in integration cannot 
affect the result. 
dx 


m 1 
Henoo' 2) 2—:20; but | —— = 
E x 


т 
T AM, a0! 
а 9? ‚т 0! 


. 


19. Point out the fallacy in the following reasoning: 
We have, if we put z— е, 


(«iye- (2) = кее = kozt, 


dz dt 
But when а= – 1, we have 
er REN, ae 
(of) eden 
and these two results do not agree. [R.P.] 
1 
20. Prove that р gd(-edw) =, [Cavuay, В.Р] 
and show that if gdu=a,u+ ази +а;и5 + ..., 
then will аи = au — аи + аш? — 
21. If secz--tanz- 1 +5, 5 $557 өбүү... 
show that gd^?z- u$ E EAE ss. 
that —— Др, +6 y&- ‚8 ‚+(@)з,,5,+... 
% 
апа б„-— (a + ( i) - . + cos ч =вїп "> 


and that §,=2, S,=16, S,=272, S,=7936, etc. 
[Diff Cale., Art. 573, etc.] 


22. Integrate = 
(a 4- 2) (c + a)? 
by putting c-z—(a—c)? or (c—a)2, 
according as а > ог < с. 


Taking the case a>c, consider the same integral with a + da replac- 
ing а, subtract the original integral, divide by da, and take the 
limit when da is indefinitely diminished. 
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Hence obtain | орет ЕЕ is 
(a + 2)? (c+2) 
dz 
Deduce also | Uu. 
(a 4- z) (c+) 


928. Evaluate LUI 
(a? — a?) (a? — e) 


(i) ifa>c, 
(ii) На<с. 
2— 2n*1 
WEE E абе qr in Е? 
where 4° = ар? + 2bp + с 
and умаа? + 2bz 4- c (ap 4-bye-- bp --c. — [Corrsezs, 1901.] 
25. П F(z) - a, f(x) +a, f(22) +a, f(32) + ..., 


de Ей 


Ге а 


[Ox. J. M. Scu., 1904.] 


(Put z = c sec $). [МАтн. TRIP., 1878.] 


24. Show that | 


prove that 2+3 £2. z +.. 


26. Integrate (i) lc te 
| 1-2 Jl A 
1-2? dz 
00 яна (Soren. 


27. Show that if F(x, y) be a rational function of х and y, 


IC NEST 


can be thrown into rational form by the substitution 
az 


y+ 
Hence show that 


i aL iis s 
Ic i3 did tana. П 38 “з. = 22 М1 4а? 
+22 Nix2: УТ — 3 
28. Show that if F(x, y) be any rational integral function of z and y, 


F (a, Маз? + 2bz + с) dz 
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can be thrown into rational form by any of the substitutions 
(1) Jaa? + 202+ c — Aa (ж + 2), 
(2) Jaa? + 2bz + с zz + Jc, 
(3) ж— ta =2? (£ -— m), 
where 2, =, are the roots of ag? + 2bz+c=0. [Векткахр, C.I., p. 39.] 
Apply each of these methods to the integration of 


x dz 
J il — 6z +8 
showing that the result in each case reduces to ‘ 
22 — 62 + 8 + 3 cosh7! (a — 3), 
as derived by the method of Art. 85. 


29. If 25 — 3a?z = а?у. 
dé 1 dy 
г: реу Зи 
and hence obtain Cardan's formula for the solution of а cubic. 
[J. M. Scu. Ox.] 


show that 


Ej 
30. Evaluate oh epee dad 
o 1 — sin?a cos?z 
and deduce the expansion 
2a 2i; 264. T 
Е к= ez 2 аза 4 ER 
"ped +3 віп?а + 3 5 sin a+..., where "tse 
[Oxr. I. P., 1915.] 
31. Show that A 


| dz 4 x 
PT A Шы. дысы ар а ЖИРНЕ T 
(1 +24){(1 +r) – 22} {(1+4)#—}% 
[EurzR, C.I., iv.] 


и [AE a 
(1-22) (14-2279 — 22) 


32. Show that the integrals 


| dz "ах 
loe es M MEE 
(1 - z")(2z" – 1) (1 - 2")(2z" — 1)» 
are reduced to the integration of rational fractions by the respective 
substitutions 25” — ] = w?"7?" and 22" – 1 =u". 

[LEXELL, Actes de Pétersbourg, 1781, ii. ; Lacrorx, C.D., ii., р. 65.] 
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